Wormhole solutions sourced by fluids, II: Three-fluid two-charged
  sources by Azreg-Aïnou, Mustapha
ar
X
iv
:1
50
9.
00
23
4v
2 
 [g
r-q
c] 
 11
 D
ec
 20
15
Wormhole solutions sourced by fluids, II: Three-fluid two-charged sources
Mustapha Azreg-Aı¨nou1
1Bas¸kent University, Faculty of Engineering, Bag˘lıca Campus, 06810 Ankara, Turkey
Lack of a consistent metric for generating rotating wormholes motivates us to present a new one
endowed with interesting physical and geometrical properties. When combined with the general-
ized method of superposition of fields, which consists in attaching a form of matter to each moving
frame, it generatesmassive and charged (chargewithout charge) two-fluid-sourced, massive and two-
charged three-fluid-sourced, rotating as well as new static wormholes which, otherwise, can hardly be
derived by integration. If the lapse function of the static wormhole is bounded from above, no closed
timelike curves occur in the rotating counterpart. For positive energy densities dying out faster than
1/r, the angular velocity includes in its expansion a correction term, to the leading one that corre-
sponds to ordinary stars, proportional to ln r/r4. Such a term is not present in the corresponding
expansion for the Kerr-Newman black hole. Based on this observation and our previous work, the
dragging effects of falling neutral objects may constitute a substitute for other known techniques used
for testing the nature of the rotating black hole candidates that are harbored in the center of galaxies.
We discuss the possibility of generating (n + 1)-fluid-sourced, n-charged, rotating as well as static
wormholes.
I. INTRODUCTION
In order to elucidate the nature of the black hole
candidates at the center of galaxies workers use differ-
ent theoretical approaches and techniques [1]-[6] among
which we find imaging, that is, the observation of the
shadow of the hole in the sky. We have shown that
imaging, applied to nonrotating solutions, remains in-
conclusive to whether the black hole candidate, located
at Sagittarius A⋆ (Sgr A⋆), is a supermassive black hole
or a supermassive type I wormhole [6]. Recall that type
I wormholes are the solution that violate the least the
local energy conditions.
Some other tests apply exclusively to rotating solu-
tions [7]. The only rotating black hole solutions to the
field equations of general relativity are the Kerr and the
Kerr-Newman black holes. Rotating wormhole solu-
tions to the same field equations exist, among which the
one derived in [8], which has been shown to be sourced
by two unphysical fluids [9], and the charged solutions
derived in [9]. All solutions derived in Refs. [8, 9] suffer
from the strong assumption neglecting flattening due to
rotation and they may remain valid only in the slow ro-
tation limit.
Among tests that apply exclusively to rotating solu-
tions is the dragging of neutral objects. The dragging ef-
fects of the rotating wormhole derived in Ref. [8] are, by
construction, those of ordinary stars. The angular veloc-
ity of the massive and charged rotating wormhole de-
rived in Ref. [9] has a series expansion depending on
both the mass M and charge Q but, unlike the Kerr-
Newman black hole, it does not include the term 1/r4
for all values of (M,Q). Moreover, there exists a mass-
charge constraint yielding almost no more dragging ef-
fects than ordinary stars. From these results, we see how
the dragging effect can be used as a substitute test for
elucidating the nature of the black hole candidates at the
center of galaxies. This conclusion will be confirmed in
this work.
In this work we intend to drop the non-flattening con-
straint in the hope to obtain more realistic solutions. We
introduce a simple definition of the flattening condition
and observe it throughout the paper. Since there is a
growing interest in obtaining analytical rotating worm-
hole solutions for their use in astrophysics, we focus in
this work on rotating and non-rotating (static) worm-
holes. Based on our previous work [10, 11], we de-
rive from our formula developed therein, which is in-
tended to generate all types of rotating solutions, a Kerr-
like metric for generating rotating wormholes from their
known non-rotating counterparts. As a bonus, the for-
mula works the other way around and it allows to con-
struct new static wormholes as being the limit a → 0 of
their rotating counterparts, where a is the rotation pa-
rameter.
A couple of other exact, numerical, as well as slowly,
rotating wormhole solutions were also derived [12]-[19].
In this work, we rather derive families of one-, two-,
and three-fluid-sourced rotating and new static worm-
holes. In order to achieve that in a systematic approach,
in Secs. II and III we review the geometries of nonrotat-
ing wormholes and rotating stars where we focus more
on rotating wormholes. The generic rotating metric de-
pending on two unknown functions (A, b) and on a is
derived in Sec. III C. Here (A, b) is the metric of the static
wormhole in Schwarzschild coordinates in the notation
ofMorris and Thorne [20]. The geometrical and physical
properties of the rotating wormhole metric along with
a definition of the flattening constraint are discussed in
Sec. IV.
Sections. V, VI, and VII are respectively devoted
to the derivations and analytical discussions of the
properties of the families of massive one-fluid-sourced,
massive and charged two-fluid-sourced, and massive
and two-charged three-fluid-sourced rotating, and their
static counterpart, wormholes. The charge refereed to
in this work, being either electric or magnetic, is at-
2tached to a source-free electromagnetic field. This is
the well-known Misner-Wheeler effect “charge without
charge” [21]. In Sec. VIII we address the question of the
local energy conditions. In Sec. IX we generalize the ap-
proach of the superposition of fields to lead to (n+ 1)-
fluid-sourced, n-charged (massless and massive), rotat-
ing and static wormholes and we conclude in Sec. X.
II. GEOMETRY OF THE SPACETIME OF A
NONROTATING WORMHOLE
The geometry of the spacetime of a nonrotating
wormhole is better described by the Morris and Thorne
metric [20]
ds2 = A(r)dt2 − dr
2
1− b(r)/r − r
2dΩ2, (1)
in Schwarzschild coordinates where A is the lapse func-
tion and b is the shape one. The throat is the sphere
of equation r = r0 = b(r0). For simplicity, we assume
symmetry of the two asymptotically flat regions, which
particularly implies that if the mass of the wormhole is
finite then it is the same as seen from both spatial infini-
ties. The functions A and b are constrained by [20, 22]
lim
r→∞ A = finite = 1,
b < r if r > r0 and b(r0) = r0,
lim
r→∞(b/r) = 0, (2)
rb′ < b (near the throat),
b′(r0) ≤ 1.
In this paper a prime notation f ′(r, θ, · · · ) denotes the
partial derivative of f with respect to (wrt) r, and deriva-
tion wrt to other variables is shown using the indexical
notation, as in f,θ ≡ ∂ f/∂θ. The value of the limit in the
first line (2) is set to 1 by rescaling A and redefining t. If
the mass of the wormhole is finite, we have the further
constraint
lim
r→∞ b ≡ b∞ = 2GM = 2M. (3)
The SET is usually taken anisotropic of the form [20]
Tµν = diag(ǫ(r),−pr(r),−pt(r),−pt(r)), ǫ being the
energy density and pr and pt are the radial and trans-
verse pressures. The filed equations Gtt = 8πTtt, Grr =
8πTrr, and the identity T
µ
r;µ ≡ 0 yield, respectively
b′ = 8πr2ǫ,
(ln A)′ = 8πr
3pr + b
r(r− b) , (4)
4pt = 4pr + 2rpr
′ + r(pr + ǫ)(ln A)′.
III. ROTATING GEOMETRIES
A. The standard metric of a rotating star
The standard metric of a circular, stationary, and
axisymmetric spacetime, admitting two commuting
Killing vectors ∂t and ∂φ, may be brought to the follow-
ing form in quasi-isotropic coordinates [23, 24] (see [25]
for more details):
ds2 = N2dt2−D21(dR2+R2dθ2)−D22R2 sin2 θ(dφ−ωdt)2.
(5)
Note that there is no restriction in having
gθθ/gRR = R
2, (6)
as in (5); rather, this reflects the fact that all two-
dimensional metrics are related by a conformal factor.
Here (N2,D21,D
2
2,ω) are positive functions depending
on (R, θ).
The form (5) is not convenient for constructing worm-
hole or black hole solutions [9]. Introducing a new radial
coordinate r
R ≡ R(r), (7)
we bring it to the form
ds2 = N2dt2− eµdr2− r2K2[dθ2+ F2 sin2 θ(dφ−ωdt)2],
(8)
where
eµ(r,θ) =
(
D1
dR
dr
)2
, r2K2(r, θ) = D21R
2, F2(r, θ) =
D22
D21
.
The property (6) is lost in (8) but the ratio
gθθ/grr = (d lnR/dr)
−2 (9)
is still independent of θ.
If the star rotates slowly its shape is not flattened by
the centrifugal forces, so it retains its spherical symme-
try resulting in gφφ = gθθ sin
2 θ[25], that is, in F2 = 1.
Rotating wormholes satisfying the no-flattening condi-
tion F2 ≡ 1 were derived in [8, 9]. For fluid-sourced
stars where the angular velocity is differential vanish-
ing at spatial infinity as the inverse cubic power of the
radial distance, a natural flattening condition would be
F2 ≥ 1, (10)
where the saturation is attained on the axis of rotation
(θ = 0 or θ = π) and at spatial infinity where the cen-
trifugal forces tend to vanish.
B. The standard metric of a rotating wormhole
If intended for the derivation of rotating wormholes,
the metric coefficient −grr
3the Morris and Thorne form
eµ(r,θ) ≡ 1
1− B(r, θ)/r , (11)
where we use B(r, θ) for rotating wormholes and b(r)
for nonrotating ones. The surface of the throat is defined
by
B(r0, θ0) = r0. (12)
This, in general, provides r0 as a function of θ0; that is,
for a given value of θ0 we solve (12) for r0 and we keep
its largest value.
The metric (8) is not free of singularities unless it ful-
fils some conditions. In the no-flattening case F2 ≡
1, the curvature and Kretschmann scalars contain the
expression r − B in their denominators. Assuming
B′|(r0,θ0) 6= 1, it was shown that the first three partial
derivatives of B wrt to θ must vanish on the throat [8, 9,
26]
B,θ|(r0,θ0) = 0, B,θθ|(r0,θ0) = 0, B,θθθ|(r0,θ0) = 0, (13)
for the two scalar invariants to have well defined values
on the throat and off it [9]. This conclusion extends to
the flattening case (10).
If F2 6= 1, the curvature scalar R has, besides the de-
nominator r− B, the denominator
F2. (14)
In a more general physical configuration, not obey-
ing (10), where F2 is allowed to vanish on the throat or
off it, other constraints than (13) must be imposed to en-
sure regularity of the two scalar invariants. We will not
pursue this discussion here for it does not concern us for
the remaining parts of this work.
C. A Kerr-like metric for rotating wormholes
We intend to use a metric that guarantees in its gen-
erality the regularity of the above-mentioned scalar in-
variants with no constraints and retains the flattening
condition (10). The metric has been used in Ref. [11] to
generate rotating regular black holes, in Ref. [10] to gen-
erate fluid wormholes with and without electric or mag-
netic field, and in Ref. [27] to generate regular cores. It
has the following Kerr-like form
ds2 =
(
1− 2 f
ρ2
)
dt2 − ρ
2A
∆
dr2
1− b/r
+
4a f sin2 θ
ρ2
dtdφ− ρ2dθ2 − Σ sin
2 θ
ρ2
dφ2, (15)
ρ2 ≡ r2 + a2 cos2 θ, 2 f (r) ≡ r2(1− A)
∆(r) ≡ r2A+ a2, Σ ≡ (r2 + a2)2 − a2∆ sin2 θ,
which reduces to (1) in the limit of no rotation. The
metric (15) is derived upon first transforming the static
metric (1) into a form where gtt = 1/gr¯r¯. This is
achieved using the new radial coordinate r¯ defined by
dr¯2 = Adr2/(1− b/r). Upon omitting the factor1 Ψ/ρ2,
Eqs. (16) and (18) of Ref. [11] yield the same metric (15)
with the second term replaced by
−ρ
2
∆
dr¯2,
and the function (ρ2, f ,∆,Σ) are expressed as in (15)with
r2 := r2(r¯). Changing back to r, we obtain (15).
The metric (15) is cast into three other equivalent
forms
ds2 =
∆
ρ2
(dt− a sin2 θdφ)2 − ρ
2A
∆
dr2
1− b/r − ρ
2dθ2
− sin
2 θ
ρ2
[(r2 + a2)dφ− adt]2, (16)
ds¯2 =
ρ2∆
Σ
dt2 − ρ
2A
∆
dr2
1− b/r − ρ
2dθ2
− Σ sin
2 θ
ρ2
(dφ− ωdt)2
(
ω ≡ 2a f
Σ
)
, (17)
=
ρ2∆
Σ
dt2 − ρ
2A
∆
dr2
1− b/r − ρ
2dθ2
− sin
2 θ
ρ2Σ
(Σdφ− 2a fdt)2,
ds˜2 =
1
ρ2∆θ
(∆θdt+ 2a f sin
2 θdφ)2 − ρ
2A
∆
dr2
1− b/r
− ρ2dθ2 − ρ
2∆ sin2 θ
∆θ
dφ2, (18)
∆θ ≡ r2A+ a2 cos2 θ.
The new function ∆θ is related to ∆, ρ
2, and f by: ∆θ =
∆− a2 sin2 θ = ρ2 − 2 f .
This way of casting a given rotating metric consti-
tutes, as we shall see in the subsequent sections, our
method for constructing one-, two-, and three-fluid
sourced (wormhole or other) solutions.
IV. GEOMETRICAL AND PHYSICAL PROPERTIES OF
THE ROTATINGWORMHOLE
The best way to justify the metric (15) is through its
physical and geometrical properties. In its full general-
ity (no constraint however that may be on A and b), the
1 The factor Ψ/ρ2, used in Refs. [10, 11, 27], is to ensure that the ro-
tating metric is sourced by one fluid. In this work we will set other
conditions, constraining A and b, to derive one-, two-, and three-
fluid sourced rotating solutions.
4metric (15) is promising as it satisfies nice physical prop-
erties and obeys the following desired requirements.
• From (17) we see that the ratio gθθ/grr is indepen-
dent of θ as in (9). This implies that the metric (17),
which is a special case of (8), fulfils the required
symmetry properties of a stationary and axisym-
metric spacetime that is circular (admitting the ex-
istence of two commuting Killing vectors ∂t and
∂φ).
• Since gθθ = −ρ2 and gφφ/ sin2 θ = −Σ/ρ2 are
equal on the axis of rotation (θ = 0 or θ = π) [25],
the metric (15) has no conical singularity on it.
• The metric function −grr, if brought to the Morris-
Thorne form as in (11), defines the shape function
B(r, θ) of the rotating wormhole (15) by:
1− B(r, θ)/r = ∆
ρ2A
(1− b/r). (19)
Recall that the surface of the throat is defined by
the equation B(r0, θ0) = r0, which in general pro-
vides r0 as a function of θ0. The lhs of (19) van-
ishes on the throat, but since ∆(r0) 6= 0, this im-
plies b(r0) = r0. Thus, the throat is the nonspheri-
cal surface of revolution whose points are located
at a fixed value of the radial coordinate r = r0
that is independent of the value of θ. The shape of
the throat is determined by the function ρ2 which
measures the square of the proper radial distance.
On the throat, this function increases from r20, on
the equatorial plane, to r20 + a
2, on the axis of rota-
tion.
• From (19), it is easy to establish that the nth deriva-
tive of the shape function B wrt θ is proportional
to 1− b/r; thus, all partial derivatives of B wrt θ
vanish at the throat. This guarantees that the cur-
vature scalarR is finite everywhere. Direct deriva-
tions show that
R = PC/(rρ6A2), (20)
where PC is a polynomial in A(r) and its first and
second derivatives, b(r) and its first derivative, r2,
cos2 θ, and a2.
Equation (20) shows that the denominator (14) is
not a pole of R if the geometry is described by the
metric (15). Since gφφ ∝ F
2, this means that it is
possible for gφφ to have both signs and for the met-
ric to have closed timelike curves (CTCs) without
harming the finiteness ofR.
• The Kretschmann scalar is also finite everywhere
RαβµνR
αβµν = PK/(r
2ρ12A4),
where PK is a polynomial in the same functions,
variables, and parameters on which PC is depen-
dent.
• The only nonvanishing components of the Ein-
stein tensor corresponding to (15) are Gtt, Grr, Gθθ,
Gtφ, and Gφφ. Its other components are identically
zero.
• The flare-out condition is derived taking the
derivative of (19) wrt r:
B− rB′
r2
=
∆
ρ2A
b− rb′
r2
+
( ∆
ρ2A
)′
(1− b/r). (21)
Near the throat the second term approaches zero.
Since ∆/(ρ2A) > 0, the fourth line (2) implies
rB′ < B (near the throat), (22)
which is the same as the flare-out condition for a
nonrotating wormhole [fourth line (2)]. Using the
fifth line (2) along with B(r0, θ0) = r0 and b(r0) =
r0 in (21), we obtain
B′(r0, θ0) ≤ 1. (23)
• The asymptotical flatness of the nonrotating
wormhole, as defined in the first and third
lines (2), ensures that of the rotating worm-
hole (15):
lim
r→∞ gtt = 1 and limr→∞ B/r = 0. (24)
• If the mass of the nonrotating wormhole is finite,
Eq. (3) holds. This latter along with limr→∞ A = 1
yield
lim
r→∞ B = 2M, (25)
which we take as twice the mass of the rotating
wormhole.
• As in the case of the Kerr solution, it is straight-
forward to show that the zero-angular-momentum
observers (ZAMOs) possess an angular velocity
equal to that of the rotating wormhole ω (17).
• Since the nonrotating wormhole (1) has no hori-
zon, A is never 0: A > 0. This implies that
gtt = ∆θ/ρ
2
> 0 (18); thus, the rotating worm-
hole (15) does not develop an ergosphere region
around the throat.
• The flattening coefficient F2, Σ, and gφφ are all pro-
portional to r4 + a4 cos2 θ + a2r2(2 − A sin2 θ). If
A > 2, gφφ may turn negative for some value(s)
(r1, θ1) of (r, θ). Since A has to approach 1 at spa-
tial infinity (2), this change in the sign of gφφ may
occur only near the throat. If this is the case (i.e.
if r1 > r0), the rotating wormhole develops CTCs
near the throat, for φ becomes a timelike coordi-
nate. From now on we only consider nonrotating
wormholes with
A(r) ≤ 2 for all r, (26)
5so that their rotating counterparts do not develop
CTCs.
• With the restriction (26), the flattening coefficient
F2 = Σ/ρ4 is always greater than, or equal, 1
F2 − 1 = (2− A)r
2 + a2 cos2 θ
(r2 + a2 cos2 θ)2
a2 sin2 θ ≥ 0. (27)
In the following sections we shall use the metric (15)
to generate one-, two-, and three-fluid-sourced rotating
wormholes along with their nonrotating counterparts.
Given any static wormhole solution (A, b) (1) to the field
equations Gµν = 8πTµν of general relativity or to the
equations Gµν = 8πT
µν
eff of any generalized theory of
gravitation (Teff being the effective SET), it suffices to
inject it in (15) to get its rotating counterpart. How-
ever, the purpose of this work is to focus on, and derive,
fluid-sourced wormholes; that is, solutions generated
by anisotropic fluids in motion. We seek solutions en-
dowed with interesting physical and geometrical prop-
erties, which will result in imposing in each case a for-
mula constraining A and b.
V. ONE-FLUID-SOURCED ROTATINGWORMHOLES
We choose a reference frame (et, er, eθ, eφ) dual to the
1-forms defined in (16), ωt ≡ √∆/ρ2(dt − a sin2 θdφ),
ωr ≡ −√ρ2/∆√rA/(r− b)dr, ωθ ≡ −√ρ2dθ, ωφ ≡
(sin θ/
√
ρ2)[adt− (r2 + a2)dφ]:
e
µ
t =
(r2 + a2, 0, 0, a)√
ρ2∆
, e
µ
r =
√
∆
ρ2
√
r− b
rA
(0, 1, 0, 0),
e
µ
θ =
(0, 0, 1, 0)√
ρ2
, e
µ
φ =
(a sin2 θ, 0, 0, 1)√
ρ2 sin θ
. (28)
The source term in the field equations is taken as an
anisotropic fluid whose SET is of the form
Tµν = ǫe
µ
t e
ν
t + pre
µ
r e
ν
r + pθe
µ
θ e
ν
θ + pφe
µ
φe
ν
φ, (29)
where we use the same notation (ǫ, pr) as for the nonro-
tating wormhole (4) but the values of (ǫ, pr) are gener-
ally different from their nonrotating counterparts. The
transverse pressure is not isotropic in the rotating case
and splits into two components (pθ, pφ). The SET can be
brought to the standard form in arbitrary coordinates
Tµν = (ǫ+ p)uµuν − pgµν+ Πµν, (30)
where uµ is the 4-velocity vector of the fluid and ǫ =
uµuνTµν
uµ =
e
µ
t +U1e
µ
r +U2e
µ
θ +U3e
µ
φ√
1−U21 −U22 −U23
. (31)
Πµν is the traceless anisotropic pressure tensor and p is
the average isotropic pressure defined in terms of the
orthogonal projector hµν = δµν − uµuν on uµ by
Πµν = Π(sµsν +
1
3hµν), p = −
hµνTµν
3
, (32)
where sµ is a unit spacelike 4-vector orthogonal to uµ:
uµsµ = 0. sµ is proportional to S1e
µ
t + e
µ
r + S2e
µ
θ + S3e
µ
φ
but, without loss of generality, we can take S2 = S3 = 0
leaving sµ of the form
sµ =
U1e
µ
t + e
µ
r√
1−U21
. (33)
If ps = sµsνTµν denotes the pressure along sµ then
Π = 32 (ps − p) = ps − pt, (34)
where pt is the average isotropic transverse pressure de-
fined in terms of tµ (a unit spacelike 4-vector orthogonal
to uµ and sµ) by: pt = tµtνTµν.
Another useful expression for Tµν is [28]
Tµν = (ǫ+ pt)uµuν − ptgµν + (ps − pt)sµsν. (35)
In the case of (29), if we assume uµ along e
µ
t , we obtain
uµ = e
µ
t , s
µ = e
µ
r , ps = pr, p = (pr + pθ + pφ)/3, and
pt = (pθ + pφ)/2. Assuming u
µ = e
µ
t we infer that the
fluid elements rotate with the differential angular veloc-
ity Ω = dφ/dt = a/(r2 + a2) (28) that is different from
that of the rotating wormhole ω (17). The fluid elements
do not follow geodesic motion.
The nonvanishing components of the SET (29) are
given by the matrix
Tµν =


r2ǫ+a2(ǫ+pφ sin
2 θ)
ρ2
0 0 − a(a2+r2)(ǫ+pφ) sin
2 θ
ρ2
0 −pr 0 0
0 0 −pθ 0
a(ǫ+pφ)
ρ2
0 0 − r2pφ+a2(pφ+ǫ sin
2 θ)
ρ2

 .
(36)
The separate resolutions of the field equations Grr =
8πTrr and G
θ
θ = 8πT
θ
θ provide the expressions of
(pr, pθ) in terms of (A, b, r, θ, a). Similarly, the resolution
of the system {Gtt = 8πTtt,Gφφ = 8πTφφ} provides
expressions for (ǫ, pφ) which satisfy the field equation
Gtφ = 8πTtφ only if we constrain (A, b) by
r(r− b)A′ + [b− r(2− b′)]A+ 2rA2 = 0. (37)
Since A cannot be zero on the throat r0 = b(r0), Eq. (37)
implies
A(r0) =
1− b′(r0)
2
. (38)
Solving (37) with the initial condition (38) we obtain
A =
r(r− b)
r2 − r20
or b = r− (r2 − r20)
A
r
. (39)
6It is easy to show that (A, b) as given by (38) and (39) sat-
isfy all the requirements (2) of a nonrotating wormhole.
This will be shown soon later.
The final expression of the SET is given by
ǫ =
r2b′
8πρ4
+
a2r20 [(3A− 1) cos2 θ − 2]
8πρ6
, (40)
pr = −ǫ− r
2
0∆
4πρ6
,
pθ =
2A2 + (rA′ − 2)A+ (r− b)(3A′ + rA′′)
16πρ2A
− pr,
pφ = pθ +
a2r20 sin
2 θ
4πρ6
, (41)
where (37) and (39) were used to reduce the expression
of the SET. The expression of ǫ manifestly generalizes
the first line (4) to the rotating case. The expressions of
pr and pθ + pφ could be arranged in the following forms
(ln A)′ =
8πρ6pr + r(ρ2 + a2 cos2 θ)b
r2ρ2(r− b)
+
a2 cos2 θ
rρ2A
− (2− A)a
2 cos2 θ
ρ2(r− b) ,
pθ + pφ =
[∆ + ρ2A]pr
∆
+
ρ2pr
′
r
+
rρ2(ǫ+ pr)A′
2∆
− a
2(1− A cos2 θ)ǫ
∆
,
which manifestly generalize the second and third
lines (4).
Next, we show that (A, b) as given by (38) and (39) sat-
isfy all the requirements (2) of a nonrotating wormhole.
Eq. (39) implies b(r0) = r0. Using (39) in the second
line (2) we obtain (r2 − r20)A ≥ 0, which is always satis-
fied (A > 0). Eq. (38) implies b′(r0) = 1− 2A(r0) < 1.
The derivative of b (39) reduces to
rb′ = r(1− A)− r
2
0
r
A− (r2 − r20)A′
= b− 2r
2
0
r
A− (r2 − r20)A′. (42)
Near the throat, the term (r2 − r20)A′ is neglected with
respect to the other terms yielding rb′ ≃ b− (2r20/r)A <
b [fourth line (2)]. Finally, for the nonrotating wormhole
given by (39), it is straightforward to see that the line 1
of (2) (limr→∞ A = 1) implies its line 3 (limr→∞ b/r = 0)
and conversely.
Now, let us see under which condition the rotating
counterparts of the family of static solutions (39) do not
develop CTCs (26) near the throat. Using (38), the con-
straint A(r0) < 2 yields
b′(r0) > −3, (43)
while the constraint A(r) < 2 for r > r0 implies
r(r+ b)− 2r20 ≥ 0 (r > r0).
To ensure positiveness of the lhs for all r > r0, its deriva-
tive must be positive yielding the further constraint on
the value of b′(r)
2r+ b+ rb′ > 0 (r ≥ r0), (44)
which holds for r = r0 too (43). Similarly, the constraint
A < 1 is satisfied if
b+ rb′ > 0 (r ≥ r0). (45)
From now on, we only consider massive nonrotat-
ing wormholes having positive energy densities ǫ =
b′/(8πr2) ≥ 0. We choose this type of wormholes be-
cause they violate the least the local energy conditions.
Since b′(r) ≥ 0 for all r, the constraints (43) and (44)
are satisfied and thus no closed timelike curve exists
near the throat of the corresponding rotating worm-
holes. Moreover, since (45) is also satisfied, A remains
smaller than unity.
Instances of such nonrotating wormholes are the mas-
sive solutions with mass M given by
b = 2M, A = 1− 2M
r+ 2M
, 2M = r0, (46)
b = 2M− (2M− r0)r0
r
, A = 1− 2M
r+ r0
, M < r0. (47)
In both instances A is an increasing function of r and
bounded from above by 1. In (47), the constraint M < r0
is to have b′(r0) < 1 (2) and A(r0) > 0 ensuring positive-
ness of A for all r. The corresponding SETs are derived
from Eqs. (40)-(41) on setting a2 = 0.
It is straightforward to generalize the above expres-
sions of (A, b). In terms of the dimensionless variables
y ≡ r/r0, m ≡ M/r0, (48)
we obtain the general solution
b
r0
= 2m− (2m− 1)
yβ
, β > 0, 12 < m <
1+β
2β , (49)
A = y1−β
(y1+β− 1
y2 − 1 − 2m
yβ− 1
y2− 1
)
. (50)
Here again the constraint m < (1+ β)/(2β) is to have
b′(r0) < 1 and b < r for r > r0 (2), and to ensure
positiveness of A for all r ≥ r0. Notice that the con-
straint m < (1 + β)/(2β) not only ensures b′(r0) < 1
but b′(r) < 1 for all r ≥ r0 as well.
Nonrotating wormholes with ǫ = b′/(8πr2) ≥ 0 have
the property that m ≥ 1/2 [6]. In the special case of the
solutions (49), this reduces to m > 1/2. The correspond-
ing SET is derived from Eqs. (40)-(41) on setting a2 = 0.
7The dragging effects of the rotating wormholes given
by Eqs. (15), (49), (50), and Eqs. (40)-(41) are more pro-
nounced for β < 1 than for β > 1. At spatial infinity,
this becomes obvious if we expand the angular velocity
ω (17) in powers of 1/r
r20ω =
{
a
(
2m
y3
− 2m−1
y3+β
− 1
y4
+ · · · ), 0 < β ≤ 1;
a
(
2m
y3
− 1
y4
+ · · · ), β > 1, (51)
where the leading term of ω, 2aM/r3, is that of an or-
dinary star. This is different from the corresponding ex-
pression for the Kerr metric where the term in 1/r4 is
absent. The measurements of the dragging effects, far
away from the sources, allow to distinguish these rotat-
ing wormholes from the Kerr black hole.
Since ω is an increasing function of sin2 θ, the drag-
ging effects do depend on θ. For a fixed value of the
radial coordinate, the dragging effects aremore accentu-
ated in the equatorial plane than elsewhere. This prop-
erty is not specific to the rotating wormholes given by
Eqs. (15), (49), (50), and Eqs. (40)-(41); rather, it applies
to all rotating wormholes given by Eq. (15) since the
only dependence on sin2 θ occurs in Σ (15) which has
the same shape for all solutions.
For these one-fluid sourced massive rotating worm-
holes (with positive energy density at least in the non-
rotating case) we see that there is no way to reduce the
scope of the dragging effects to that of ordinary stars
ω ∼ 2aM/r3; the two-fluid sourced rotating worm-
holes, derived by the superposition of fields [9], have
offered such possibilities.
To the form (17) of the rotating metric are associ-
ated the set of 1-forms ω¯t ≡ √ρ2∆/Σdt, ω¯r ≡ ωr =
−√ρ2/∆√rA/(r− b)dr, ω¯θ ≡ ωθ = −√ρ2dθ, ω¯φ ≡√
Σ/ρ2 sin θ(ωdt− dφ) and the corresponding frame
e¯
µ
t =
(√ Σ
ρ2∆
, 0, 0,
2a f√
ρ2∆Σ
)
, e¯
µ
r = e
µ
r , (52)
e¯
µ
θ = e
µ
θ , e¯
µ
φ =
(
0, 0, 0,
√
ρ2√
Σ sin θ
)
.
Similarly, to the form (18) of the rotating metric
are associated the set of 1-forms ω˜t ≡ (∆θdt +
2a f sin2 θdφ)/
√
ρ2∆θ , ω˜
r ≡ ωr, ω˜θ ≡ ωθ, ω˜φ ≡
−√ρ2∆/∆θ sin θdφ and the corresponding frame
e˜
µ
t =
(√ ρ2
∆θ
, 0, 0, 0
)
, e˜
µ
r = e
µ
r , (53)
e˜
µ
θ = e
µ
θ , e˜
µ
φ =
(−2a f sin θ√
ρ2∆∆θ
, 0, 0,
√
∆θ√
ρ2∆ sin θ
)
.
The rotating wormholes derived in this section
[Eqs. (15), (49), (50), and Eqs. (40)-(41)] have been
determined using the frame (28) to expand the SET.
Had we used either the frame (52) or (53) we would
have found other rotating wormhole solutions. How-
ever, if we restrict ourselves to solutions where b is
given by (49) (without the constraint m > 1/2) and we
use either the frame (52) or (53), we can show that the
only existing solution is the Schwarzschild wormhole
b = 2M = r0, A = 1− 2M
r
(m = 1/2), (54)
so that the corresponding rotating solution is the “Kerr
wormhole”.
VI. TWO-FLUID-SOURCED ROTATING WORMHOLES
We intend to determine two-fluid sourced rotating
wormholes by the method of superposition of fields [9,
10, 29–31]. This will allow us to construct rotating
wormholes endowed with interesting physical proper-
ties. Applied to derive static solution, the method con-
sists in splitting the SET into a sum of sub-SETs [29–
31]. This way of splitting still applies to rotating solu-
tions [10]; however, in this case it is possible to gener-
alize the method, as we did in [9], by attaching to each
selected moving (here rotating) frame a form of matter,
that is, a sub-SET Tµν.
In the case of two-fluid-sourced rotating wormholes,
the generalized method consists in splitting the total
SET as Tµν + T¯µν, Tµν + T˜µν, or T¯µν + T˜µν where each
component Tµν, T¯µν, and T˜µν is expanded, as in (29), us-
ing the frame (28), (52), and (53), respectively, with
T¯µν = ǫ¯e¯
µ
t e¯
ν
t + p¯r e¯
µ
r e¯
ν
r + p¯θ e¯
µ
θ e¯
ν
θ + p¯φe¯
µ
φ e¯
ν
φ, (55)
T˜µν = ǫ˜e˜
µ
t e˜
ν
t + p˜r e˜
µ
r e˜
ν
r + p˜θ e˜
µ
θ e˜
ν
θ + p˜φe˜
µ
φ e˜
ν
φ. (56)
We start with the case where the SET is Tµν + T¯µν.
Here Tµν is given by (36) and T¯µν (55) reads
T¯µν =


ǫ¯ 0 0 0
0 − p¯r 0 0
0 0 − p¯θ 0
2a f (ǫ¯+ p¯φ)
Σ
0 0 − p¯φ

 . (57)
Notice that the number of unknowns (the eight compo-
nents of Tµν and T¯µν and A and b) exceeds the number
of the field equations [Gµν = 8π(Tµν + T¯µν)], which is
five. This is the advantage of the method of superpo-
sition of fields, for this will allow us to fix the values
of some unknowns to well-defined physical entities and
will yield interesting physical rotating wormholes. For
instance, we assume that the SET T¯µν is of electromag-
netic nature. Taking into account the nature of the field
equations, which are split into two independent sets
S1: Grr = 8π(T
r
r + T¯
r
r), G
θ
θ = 8π(T
θ
θ + T¯
θ
θ), (58)
S2: Gtt = 8π(T
t
t + T¯
t
t), G
φ
φ = 8π(T
φ
φ + T¯
φ
φ),
Gtφ = 8π(Ttφ + T¯tφ), (59)
8we may fix the values of (ǫ¯, p¯r, p¯θ) to
ǫ¯ = − p¯r = p¯θ ≡ Q
2
8πρ4
, (60)
as in the Kerr solution, but not the value of p¯φ which
is determined upon solving the set S2. The resolution
of the latter provides unique values for (ǫ, pφ, p¯φ). These
expressions are sizeable but could be simplified noticing
that the limit of p¯φ as a
2 → 0, which is given by
lim
a2→0
p¯φ =
r2(r− b)A′ + r[b− r(2− b′)]A+ 2(r2 −Q2)A2
16πr4A2
,
(61)
should reduce to the static value Q2/(8πr4). This yields
the following relation between A and b
r2(r− b)A′ + r[b− r(2− b′)]A+ 2(r2 − 2Q2)A2 = 0.
(62)
This generalizes (37), which applies to the case T¯µν ≡ 0,
to solutions where Q 6= 0. Since A > 0, Eq. (62) yields
A(r0) =


r20[1− b′(r0)]
2(r20 − 2Q2)
, r20 > 2Q
2 and b′(r0) < 1;
− r0b
′′(r0)
4
, r20 = 2Q
2 and b′(r0) = 1.
(63)
By the fourth line (2), 1− b′(r0) cannot be negative, so is
the term r20 − 2Q2 in the first case (63) [otherwise, A(r0)
would be negative]. This sets an upper limit for the
value of the charge for these nonrotating, and their ro-
tating counterpart, wormholes
q2 ≤ 1/2 (q ≡ Q/r0). (64)
Equation (62) can be solved for either A or b yielding
A =
r(r− b)
r2 − r20 − 4Q2 ln(r/r0)
, (65)
b = r− (r2 − r20)
A
r
+
4Q2A ln(r/r0)
r
, (66)
where we have imposed the condition b(r0) = r0 to
fix the constant of integration. We see that the con-
straint (64) (r ≥ r0) ensures that the denominator in (65)
is monotonically increasing function of r keeping A > 0
for all r.
By a similar discussion to the one given in the para-
graph containing (42) one can show that (A, b) as given
by (65) and (66) satisfy all the requirements (2) of a non-
rotating wormhole. For instance, rb′ takes the form
rb′ = b− 2 r
2
0 − 2Q2 + 4Q2 ln(r/r0)
r
A
− [r2 − r20 − 4Q2 ln(r/r0)]A′. (67)
implying rb′ < b near the throat.
It is easy to establish that the rotating counterparts
of the family of static solutions (65) do not develop
CTCs (26) near the throat if
q2 <
b′(r0) + 3
8
<
1
2
, b′(r0) < 1,
r0b
′′(r0) > −5− 3b′(r0), or, (68)
q2 =
1
2
, b′(r0) = 1, r0b′′(r0) > −8. (69)
These provide stronger constraints than (64).
From (65) we see that 1/(r − b) and Ar/(r − b) are
functions of (A,Q2, r0) only. Thus, the nonrotating (1)
and rotating (15) wormholes are expressed explicitly in
terms of (A,Q2, r0) only, and any dependence on the
mass M is incorporated in A. The rotating wormhole
takes the final expression
ds2 =
(
1− 2 f
ρ2
)
dt2 − r
2ρ2dr2
∆[r2 − r20 − 4Q2 ln(r/r0)]
+
4a f sin2 θ
ρ2
dtdφ− ρ2dθ2 − Σ sin
2 θ
ρ2
dφ2, (70)
ρ2 ≡ r2 + a2 cos2 θ, 2 f (r) ≡ r2(1− A)
∆(r) ≡ r2A+ a2, Σ ≡ (r2 + a2)2 − a2∆ sin2 θ.
The nonrotating metric is derived setting a2 = 0. If
Q2 ≡ 0, we reobtain the nonrotating and rotating met-
rics derived in the previous section, which were not
written explicitly [they are special cases of (70)]. Eq. (70)
constitutes a family of rotating and nonrotating solu-
tions where A and b are related by (63), (65), and (66).
If Q2 ≡ 0, the family of solutions is sourced by an exotic
fluid given by Eqs. (38)-(41). If Q2 6= 0, the family of
solutions is sourced by two fluids, one of which, T¯µν, is
electromagnetic given by (60) and2
p¯φ =
Q2[2Σ− r2(r2 + a2)]
8πr2(r2 + a2)ρ4
. (71)
The other fluid, Tµν, is exotic given by
pr =
r
8πρ6A
{
[2a2r cos2 θ − (ρ2 + a2 cos2 θ)b]A (72)
− a2rA2 cos2 θ+ (r− b)(rρ2A′ − a2 cos2 θ)}+ Q2
8πρ4
,
pθ =
1
16πr2ρ2A
{
2(r2 − 2Q2)A2 + r[(r2 − 2Q2)A′ − 2r]A
+ r2(r− b)(3A′ + rA′′)}− pr, (73)
2 The rhs of (71) is
Q2[r4 + 3a2r2 + 2a2(a2 cos2 θ − r2A sin2 θ)]
8πr2(r2 + a2)ρ4
,
which reduces to the static valueQ2/(8πr4) if rotation is suppressed
setting a2 = 0.
9pφ = pθ +
a2r20 sin
2 θ
4πρ6
− Q
2
8πρ4
+
Q2
8πr2ρ6
{
a2r2[8 ln(r/r0) sin
2 θ − (2+ cos2 θ)]
− (r4 + 2a4 cos2 θ)}, (74)
ǫ =
1
8πρ6
{
[2r2(Q2 − r2) + a2(2Q2 + r2) cos2 θ]A
− r(r2 − 2a2 cos2 θ)b}+ a2r(2+ cos2 θ)(r− b)
8πρ6A
− r
2(r− b)A′
8πρ4A
+
Q2(2a2 − r2) + 2r2(r2 − a2)
8πρ6
(75)
+
a2[Q2(2a2 − r2)− 2r4] cos2 θ
8πr2ρ6
+
Q2∆
4πr2(a2 + r2)ρ2
,
where (62) has been used to eliminate b′ from the expres-
sions of (ǫ, pθ, pφ) and (66) has been used to eliminate b
from the expression of pφ.
We keep working with b of the form (49) yielding
A = y1−β
( y1+β− 1
y2 − 1− 4q2 ln y − 2m
yβ − 1
y2− 1− 4q2 ln y
)
, (76)
where q2 is constrained by (68) or (69) if no CTCs de-
velop near the throat, otherwise q2 ≤ 1/2 (64). This new
expression of A affects the expansion (51) of the angular
velocity ω, which now reads
r20ω =


a
(
2m
y3
− 2m−1
y3+β
− 4q2 ln y
y4
− 1
y4
+ · · · ), 0 < β < 1;
a
(
2m
y3
− 4q2 ln y
y4
− 2m
y4
+ · · · ), β = 1;
a
(
2m
y3
− 4q2 ln y
y4
− 1
y4
+ · · · ), β > 1.
(77)
This is very different from the corresponding expression
for the Kerr-Newmanmetric where the term in ln r/r4 is
absent. For β ≥ 1, we see that the deviation of ω from
the corresponding value for ordinary stars, 2aM/r3, in-
creases with q2 while for 0 < β < 1 the effects of the
charge take place for much lower values of the radial
distance.
The expression of b (49) is the simplest form including
a finite mass term and yielding a positive energy den-
sity. Other expressions, as
b
r0
= 2m− c
yβ
− 2m− 1− c
yγ
,
where β > 0, γ > 0, 2m − 1 > c > 0, are possible
but the conclusions drawn in the previous paragraph re-
main unchanged.
In this section we have treated the case where the SET
is the sum Tµν + T¯µν. In the next section we shall treat
the case where SET = Tµν + T¯µν + T˜µν and we shall see
that the cases SET = Tµν + T¯µν and SET = Tµν + T˜µν
are special cases of it. This is why we will skip the case
SET = Tµν + T˜µν (78)
in this section.
There remains the case where the SET is the sum
T¯µν + T˜µν. This is more involved than the other cases
considered in this work, for the equation constraining A
and b [comparewith (62)] contains the second derivative
of A which makes it impossible to find a closed formula
relating A to b as in (65) and (66).
VII. THREE-FLUID-SOURCED ROTATING
WORMHOLES
We intend to determine three-fluid sourced rotating
wormholes by the method of superposition of fields.
The SET is now the sum of three sub-SETs
Tµν + T¯µν + T˜µν
where Tµν and T¯µν are given by (36) and (57) and
T˜µν (56) reads
T˜µν =


ǫ˜ 0 0
2a f (ǫ˜+ p˜φ) sin
2 θ
∆θ
0 − p˜r 0 0
0 0 − p˜θ 0
0 0 0 − p˜φ

 . (79)
The field equations are again split into two indepen-
dent sets S1 and S2 as in (58) and (59) where now the
rhs’s T + T¯ are replaced by the sums T + T¯ + T˜. Apply-
ing step-by-step the procedure of the previous section,
we first fix the values of (ǫ¯, p¯r, p¯θ) and (ǫ˜, p˜r, p˜θ, p˜φ) to
ǫ¯ = − p¯r = p¯θ ≡
Q21
8πρ4
, (80)
ǫ˜ = − p˜r = p˜θ = p˜φ ≡
Q22
8πρ4
, (81)
which correspond to two electromagnetic SETs. The SET
Tµν is certainly exotic. The values of (pr, pθ) are deter-
mined upon solving the set S1 and those of (ǫ, pφ, p¯φ)
are determined upon solving the set S2. In order that
lima2→0 p¯φ reduces to the static value Q21/(8πr
4), we
constrain A and b by
r2(r− b)A′ + {r[b− r(2− b′)]− 4Q22}A
+ 2(r2 − 2Q21)A2 = 0. (82)
which generalizes (62) and reduces to it if the SET T˜µν
vanishes (Q2 = 0). In terms of the dimensionless pa-
rameters q1 ≡ Q1/r0 and q2 ≡ Q2/r0, A(r0) reads
A(r0) =
1− b′(r0) + 4q22
2(1− 2q21)
, (0 < q21 < 1/2). (83)
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Since 1 − b′(r0) ≥ 0 by (2), this implies that the nu-
merator in the expression of A(r0) is positive and so is
the denominator. Thus, the charge q21 is bounded from
above by 1/2. With A(r0) and b
′(r0) being always finite,
the case q21 = 1/2 yields a non-wormhole solution, for
in this case Eq. (82) implies A(r0) = 0. The fact that
A(r0) is always finite sets an upper limit for q
2
2 too. For
instance, if we restrict ourselves to rotating wormholes
with no CTCs (at least near the throat) (26), the neces-
sary constraint A(r0) ≤ 2 yields on substituting in (83)
4q22 ≤ 3+ b′(r0)− 8q21 ⇒ 0 < 2q21 + q22 ≤ 1⇒
0 < q21 < 1/2 and 0 < q
2
2 < 1, (84)
where we have used b′(r0) ≤ 1 (2). Similarly, if we
restrict ourselves to rotating wormholes with A(r) in-
creasing and A(r) < 1, a necessary condition for that is
A(r0) < 1 yielding
0 < q21 + q
2
2 ≤ 12 ⇒ 0 < q21 < 12 and 0 < q22 < 12 . (85)
Equation (82) can be solved formally for either A or b.
The expression of the latter reads
b = r− (r2− r20)
A
r
+
4Q21A ln(r/r0)
r
+
4Q22A
r
∫ r
r0
du
uA(u)
,
(86)
generalizing (66). Using this, the expression of p¯φ sim-
plifies greatly and generalizes the one given in the pre-
vious section (71)
p¯φ =
Q21[2Σ− r2(r2 + a2)]
8πr2(r2 + a2)ρ4
+
a2Q22Σ cos
2 θ
4πr2(r2 + a2)A∆θρ4
. (87)
It is clear that in the limit a2 → 0 we recover the static
value Q21/(8πr
4). The rotating wormhole takes the final
expression
ds2 =
(
1− 2 f
ρ2
)
dt2 − r
2ρ2dr2
∆[r2 − r20 − 4Q21 ln( rr0 )− 4Q22
∫ r
r0
du
uA ]
+
4a f sin2 θ
ρ2
dtdφ− ρ2dθ2 − Σ sin
2 θ
ρ2
dφ2, (88)
ρ2 ≡ r2 + a2 cos2 θ, 2 f (r) ≡ r2(1− A)
∆(r) ≡ r2A+ a2, Σ ≡ (r2 + a2)2 − a2∆ sin2 θ.
The nonrotating metric is derived setting a2 = 0. If
Q22 ≡ 0 and Q21 ≡ Q2, we reobtain the nonrotating and
rotating wormholes derived in the previous section (70).
Eq. (88) constitutes a family of rotating and nonrotating
solutions where A and b are related by (83) and (86). If
Q21 ≡ 0 andQ22 ≡ 0, the family of solutions is sourced by
an exotic fluid given by Eqs. (38)-(41). If Q21 6= 0 Q22 = 0,
the family of solutions is sourced by two fluids, one of
which, T¯µν, is electromagnetic. If Q
2
1 = 0 and Q
2
2 6= 0,
the family of solutions is again sourced by two fluids,
one of which, T˜µν, is electromagnetic and the other one,
Tµν, is exotic. This is the case (78) we skipped in the pre-
vious section. Now, if Q21 6= 0 and Q22 6= 0, the family
of solutions is sourced by three fluids, two of which are
electromagnetic (T¯µν, T˜µν) and one is exotic (Tµν).
The integral in (88) could be evaluated closely for a
wide choices of A(r). The simplest examples of two-
(electrically, magnetically, or both)-charged solutions
are (1) the massless wormhole
ds2 = dt2 − r
2ρ2dr2
∆[r2 − r20 − 4(Q21 +Q22) ln( rr0 )]
− ρ2dθ2 − Σ sin
2 θ
ρ2
dφ2, (89)
A ≡ 1.
This could be interpreted as a static, nonrotating, worm-
hole generated by the three fluids (Tµν, T¯µν, T˜µν), in sta-
tionary motion, or as a rotating wormhole with no drag-
ging effects generated by the same three fluids. And (2)
the massive rotating wormhole with mass M < r0/2
and metric
ds2 =
(
1− 2 f
ρ2
)
dt2 − ρ2dθ2
+
4a f sin2 θ
ρ2
dtdφ− Σ sin
2 θ
ρ2
dφ2
− r
2ρ2dr2
∆[r2 − r20 − 4Q21 ln( rr0 )− 4Q22 ln( r−2Mr0−2M )]
, (90)
A ≡ 1− 2M
r
, b = 2M+ Ah(r) > 2M, (M < r0/2),
rh(r) ≡ r20 + 4Q21 ln
( r
r0
)
+ 4Q22 ln
( r− 2M
r0 − 2M
)
,
generated by the three fluids (Tµν, T¯µν, T˜µν). Both rotat-
ing wormholes (89) and (90) do not develop CTCs near
the throat.
Now, back to solutions where b is given by (49). Equa-
tion (86) being not reversible analytically we cannot ex-
pressω in terms of A. It is however easy to show that the
asymptotic behavior of the dragging effects (77) remains
valid at least up to ln y/y4. For that purpose we consider
the simplest solution (49): b = 2M = r0 (m = 1/2 and
β = ∞), then we asymptotically solve (82) for A to find
A = 1− 1
y
+
4(q21 + q
2
2) ln y
y2
+
c
y2
− 4(q
2
1 + q
2
2) ln y
y3
− c+ 4q
2
2
y3
+
s2 ln
2 y+ s1 ln y+ s0
y4
, (91)
s0 = c
2 + 2cq22 + 2q
2
2(1+ 2q
2
1 + 2q
2
2),
s1 = 8(c+ q
2
2)(q
2
1 + q
2
2), s2 = 16(q
2
1 + q
2
2)
2.
Here c is a function of q22 such that limq22→0 c = 1. The
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first four terms (up to 1/y2) are enough to yield
r20ω = a
( 1
y3
− 4(q
2
1 + q
2
2) ln y
y4
− c
y4
+ · · ·
)
, (92)
as in (77). Thus, the charges contribute additively to
the dragging effects: the more charges one adds to the
solution the lower the dragging effects on falling neu-
tral objects become. The Kerr-Newman black hole is not
endowed with such a property: the contribution of the
charges is also additive but the ln r factor, diverging at
spatial infinity, is missing. Its angular velocity is given
by
ωK-N = a
(2M
r3
− Q
2
r4
+ · · ·
)
,
In (92), while the charges are bounded from above, their
number may be augmented at will. Moreover, their
contribution is proportional to ln y/y4. Observation of
falling neutral objects may constitute a good substitute
for known techniques used for distinguishing rotating
black holes from rotating wormholes that are harbored
in the center of galaxies.
Instead of (80) and (81) we could make the following
choice:
ǫ¯ = − p¯r = p¯θ = p¯φ ≡
Q21
8πρ4
,
ǫ˜ = − p˜r = p˜θ ≡
Q22
8πρ4
,
then determine p˜φ upon solving S2. This would lead
to the same constraint (82) and the same metric solu-
tion (88) but the expression of p˜φ would be different
from the rhs of (87).
We could also make the following choice:
− p¯r = p¯θ = p¯φ ≡
Q21
8πρ4
,
ǫ˜ = − p˜r = p˜θ = p˜φ ≡
Q22
8πρ4
,
then solve for ǫ¯.
VIII. THEWEAK ENERGY CONDITION
In Ref. [9] we have shown that the null energy condi-
tion and the weak energy condition (WEC) are always
satisfied on paths, through the throat, located on cones
of equations θ = constant. We have also shown that
along these conical paths, the WEC remains satisfied
whether the motion on the paths is undergone in the di-
rection of rotation of the wormhole, in the opposite one,
or in both directions in a zigzag pattern.
The aim of this section is to reach similar conclusions
for any generic three-fluid-sourced rotating wormhole
[more generic than (88); that is, without constraining A
and b as in (82), which is the same as (86)]. There are,
however, two main differences: the problem at hands
is more involved than the one treated in Ref. [9] be-
cause of (1) the presence of three fluids and (2) the non-
reversibility of (86). It is not possible to first choose an
expression for b [preferably of the form (49)], as we did
in Ref. [9], such that its derivative b′ and the total energy
density (4) of the nonrotating counterpart wormhole are
positive for all r ≥ r0, then determine A. In this work,
the non-reversibility of (86) forces us to first choose an
expression for A then determine that of b. But this does
not always yield a function b with the desired proper-
ties, as this is the case with the solution (90)where b′ and
the energy density (4) of the nonrotating wormhole have
both signs. We may expect to encounter violations of
theWEC, in the geometry of the rotating wormhole (90),
even on the above-mentioned conical paths as their non-
rotating counterparts do violate the WEC.
In the most generic case of a three-fluid-sourced rotat-
ing wormhole, the physical WEC is the constraint
W ≡ (Tµν + T¯µν + T˜µν)uµuν ≥ 0, (93)
expressing the positiveness of the local energy as seen
by any timelike vector uµ (uµuµ = 1). Using the ba-
sis (28), this is of the form (31)
uµ = U(e
µ
t + s1e
µ
r + s2e
µ
θ + s3e
µ
φ),
U =
1√
1− s21 − s22 − s23
, (94)
− 1 < si < 1 and
3
∑
i=1
s2i < 1 (i : 1→ 3).
Recall that in the nonrotating case (Pθ = Pφ = Pt), the
WEC is expressed as
WNR = E+ S
2
1Pr + S
2
2Pt ≥ 0 (95)
(S21 = s
2
1 < 1 and S
2
2 = s
2
2 + s
2
3 < 1), where Pr =
pr + p¯r + p˜r and Pt = pθ + p¯θ + p˜θ are the total radial
and transverse pressures and E = ǫ+ ǫ¯ + ǫ˜ is the total
energy density. Since S1 and S2 are arbitrary, this results
in
E ≥ 0, E+ Pr ≥ 0, E+ Pt ≥ 0. (96)
In the rotating case, upon using (36), (57), (79) and (94)
we express the WEC (93) in its general form as
W = Wt + s
2
1Wr + s
2
2Wθ + s
2
3Wφ + s3Wtφ ≥ 0,
Wt = ǫ+
(a2 + r2)2ǫ¯+ a2∆ p¯φ sin
2 θ
Σ
+
∆ǫ˜+ a2 p˜φ sin
2 θ
∆θ
,
Wr = pr + p¯r + p˜r, Wθ = pθ + p¯θ + p˜θ, (97)
Wφ = pφ +
a2∆ǫ¯ sin2 θ + (a2 + r2)2 p¯φ
Σ
+
a2ǫ˜ sin2 θ + ∆ p˜φ
∆θ
,
Wtφ = 2a
√
∆
( (a2 + r2)(ǫ¯+ p¯φ)
Σ
+
ǫ˜+ p˜φ
∆θ
)
sin θ,
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regardless of the particular three-fluid rotating worm-
hole. This applies too to the one- and two-fluid-sourced
rotating wormholes derived in this work. Now, since
(s1, s2, s3), as defined in (94), are arbitrary, this results in
Wt ≥ 0, Wt +Wr ≥ 0, Wt +Wθ ≥ 0,
Wt +Wφ +Wtφ ≥ 0, Wt +Wφ −Wtφ ≥ 0. (98)
Both (97) and (98) reduce to (95) and (96) if rotation is
suppressed (a ≡ 0). The signs of theW’s are not constant
on the whole range of (r, θ, a2). Depending on the sign
of Wtφ, the last two conditions (98) imply each other in
the one or the other way.
We see that eachW (97) is the sum of three terms, the
first of which is due to exotic matter (Tµν) and the two
others are due to ordinary matters (T¯µν, T˜µν). The sec-
ond and third terms in each expression W can be made
positive by judicious choices of the SETs T¯µν and T˜µν, as
we did in the previous section where (ǫ¯, p¯φ) and (ǫ˜, p˜φ)
were taken positive. The contribution of these two SETs,
if judiciously chosen, is to confine the effects of the ex-
otic matter, generated by Tµν, and alleviate the violation
of the WEC.
The expressions ofWt andWφ may be arranged as
Wt = ǫ+ ǫ¯+ ǫ˜+
a2∆(ǫ¯+ p¯φ) sin
2 θ
Σ
+
a2(ǫ˜+ p˜φ) sin
2 θ
∆θ
,
Wφ = pφ + p¯φ + p˜φ + same terms. (99)
Here the sums ǫ + ǫ¯ + ǫ˜ and pφ + p¯φ + p˜φ are not the
purely nonrotating contributions, for the components
of the three SETs depend on a2. However, in the limit
of slow rotation, these sums approach their nonrotating
values and the additional terms in (99), proportional to
sin2 θ, serve to alleviate the violation of the WEC of the
nonrotating case if ǫ¯+ p¯φ and ǫ˜+ p˜φ are positive. These
constraints are weaker than those discussed in the pre-
vious paragraph.
As we mentioned earlier, for a generic three-fluid-
sourced rotating wormhole we expect to see the WEC
violated, so wewill not examine the conditions of its ful-
filment (98); rather, we will seek conical paths (s2 ≡ 0)
through the throat along which the WEC (97) is satis-
fied. To be more specific, we will determine the neces-
sary conditions for such paths to exist; that is, we mostly
focus on the region near the throat. The determination
of the necessary and sufficient conditions is analytically
involved problem and could only be solved numerically.
We too restrict ourselves to the slow rotation limit
r0ω(r0) =
2ar0 f (r0)
Σ(r0)
=
ar30[1− A(r0)]
Σ(r0)
≪ 1, (100)
which states that the linear velocities of dragged objects
approaching the throat are much smaller than the speed
of light. This ensures safe traversability. This limit im-
plies rω(r) ≪ 1 since rω(r) is a decreasing function of
r. Setting s2 = 0, the condition (97) reads in the slow
rotation limit
W/U2 = αs23 + aβs3 + γ ≥ 0, (101)
where (α, β, γ) do not depend on a and γ depends on s21.
When the roots of αs23 + aβs3 + γ = 0 are real, they are
given by
s3± = ±
√
−γ
α
− aβ
2α
+O(a2).
Table I shows the generic cases where the conical
paths s2 ≡ 0, along which the WEC is satisfied, exist.
Some of these cases may not be realizable, depending on
the specific three-fluid rotating wormhole. For instance,
it can be shown that the case 1a (α < 0 and −γ/α < 0)
is not realizable if the solution is the three-fluid-sourced
rotating wormhole (90).
Case α − γα − γα − 1 WEC for all
1a − − − V −1 < s3 < 1
1b − + − S −1 < s3− < s3 < s3+ < 1
1c − + + S −1 < s3 < 1
2a + − − S −1 < s3 < 1
2b + + − S −1 < s3 < s3− or s3+ < s3 < 1
2c + + + V −1 < s3 < 1
TABLE I: Existence of conical paths where the physical WEC is satis-
fied. Note that in the cases 1b, 1c and 2a the motion on the paths may
be undergone in the direction of rotation of the wormhole, in the op-
posite one, or in both directions in a zigzag pattern since s3 may have
both signs, while for the case 2b the motion is undergone in the one or
the other direction. NOMENCLATURE: “S” for “Satisfied” and “V” for
“Violated”.
The conical paths along which the WEC is satisfied
may exist for different cases (cases 1b to 2b, as shown in
Table I) constraining (α, γ). When expressed in terms of
the charges (m, q1, . . . ) and s1, each case splits into sub-
cases where each sub-case appears to be a set of inequal-
ities and equalities constraining (m, q1, . . . , s1).
IX. GENERATING (n+ 1)-FLUID-SOURCED,
n-CHARGED, ROTATING WORMHOLES
In the previous section we dealt with the problem
where the SET of the total matter content is the sum
Tµν+ T¯µν+ T˜µν of three sub-SETswith Tµν being that of
an exotic matter and the other two correspond to elec-
tromagnetic matter contents. There are two other pos-
sibilities: we could work out the problem where T¯µν
(resp. T˜µν) is taken as exotic. However, our experience
with the two-fluid-sourced rotating wormholes, treated
in Sec. VI, prevents us from doing so, for these config-
urations might be much involved to be treated analyti-
cally.
To each frame e (28), e¯ (52), and e˜ (53) we associated
a sub-SET. Continuing this way we may be able to con-
struct (n + 1)-fluid-sourced, n-charged, rotating worm-
holes by choosing n+ 1 frames.
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The frames e, e¯, and e˜ have been constructed based on
the following decomposition of the tφ part of the metric:
ds2tφ =
(
1− 2 f
ρ2
)
dt2 +
4a f sin2 θ
ρ2
dtdφ− Σ sin
2 θ
ρ2
dφ2
=( f1dt+ f2dφ)
2 − ( f3dt+ f4dφ)2, (102)
where ( f1 > 0, f2, f3, f4 > 0) are functions of (r, θ), which
provide the corresponding 1-forms. Inspection of (16),
(17), and (18) reveals the expressions of ( f1, f2, f3, f4) for
the frames e, e¯, and e˜ respectively.
To construct new frames one needs to find new sets
( f1 > 0, f2, f3, f4 > 0), which are solutions to
f 21 − f 23 =
(
1− 2 f
ρ2
)
,
f1 f2 − f3 f4 = 2a f sin
2 θ
ρ2
, (103)
f 24 − f 22 =
Σ sin2 θ
ρ2
.
One can fix an expression, say, for fi then determine
the rest of the functions f j (j 6= i) upon solving (103).
One can also fix an expression for some ratio fi/ f j that
brings the number of equations equal to that of the
unknown functions ( f1, f2, f3, f4). For those functions
( f1 > 0, f2, f3, f4 > 0) that remain defined on the whole
range of (r, θ), a new frame eˆ is associated to the set of
one 1-forms: ωˆt ≡ ( f1dt + f2dφ), ωˆr ≡ ωr, ωˆθ ≡ ωθ ,
ωˆφ ≡ −( f3dt+ f4dφ). The 1-forms (ωr,ωθ) are defined
in the first paragraph of Sec. V.
The total matter content is now the sum Tµν + T¯µν +
T˜µν + Tˆµν with Tˆµν = ǫˆeˆ
µ
t eˆ
ν
t + pˆr eˆ
µ
r eˆ
ν
r + pˆθ eˆ
µ
θ eˆ
ν
θ + pˆφeˆ
µ
φ eˆ
ν
φ.
The resolution of the sets of field equations S1 and S2
proceeds as before: Tµν is exotic and (T¯µν, T˜µν, Tˆµν) are
electromagnetic with, say,
ǫ¯ = − p¯r = p¯θ ≡
Q21
8πρ4
, (104)
ǫ˜ = − p˜r = p˜θ = p˜φ ≡
Q22
8πρ4
, (105)
ǫˆ = − pˆr = pˆθ = pˆφ ≡
Q23
8πρ4
. (106)
The values of (pr, pθ) are determined upon solving the
set S1 and those of (ǫ, pφ, p¯φ) are determined upon solv-
ing the set S2. In order that lima2→0 p¯φ reduces to the
static value Q21/(8πr
4), we may need to constrain A and
b as we did in (82), and so on.
X. CONCLUSION
We have shown in Ref. [9] and in this work that two
types of massive, charged, rotating wormholes can be
derived from the general metric (8). For the wormholes
derived in Ref. [9] it was shown that there exists a mass-
charge constraint yielding almost no more dragging ef-
fects than ordinary stars. The dragging effects of the
wormholes derived in this work, which by nomeans can
mimic those of ordinary stars, differ appreciably from
those of the the Kerr-Newman black hole by the pres-
ence of a logarithmic term that diverges at spatial in-
finity. These effects could be used as potential mean
in astrophysical observations meant to investigate the
nature of the supermassive black hole candidates that
some galactic centers, as the Sgr A⋆, harbor.
The three frames used in this work are the most com-
mon ones. To each frame one can attach a form ofmatter.
Given n+ 1 frames one can in principal construct rotat-
ing and nonrotating wormholes their SET is the sum of
n+ 1 sub-SETs, n of which are electromagnetic and the
left one is exotic.
The static wormholes obtained in this work were not
derived by direct integration; rather, they were derived
as the limit a → 0 of their rotating counterparts. They
can hardly be derived analytically. This shows that the
method introduced here, which consists in selecting dif-
ferent moving (here rotating) frames and attach to each
frame a form of matter, a SET Tµν, constitutes a new ap-
proach of integration for both rotating and static solu-
tions.
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